
AIAA JOURNAL

Vol. 39, No. 4, April 2001

Computation of Rare� ed Gas Flows Around a NACA 0012 Airfoil
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Rare� ed gas � ows around a NACA 0012 airfoil are simulated using both particle and continuum approaches.
Three different conditions are considered: supersonic, transonic, and low subsonic. In all three cases, the con-
tinuum approach solves the Navier–Stokes equations with a slip boundary condition on the airfoil surface. For
the supersonic and transonic cases, the particle method employed is the direct simulation Monte Carlo method.
Because of problems with this method at the low subsonic condition, caused by excessive statistical � uctuations, a
new particle method called the information preservation technique is applied. The computed density and velocity
� ow� elds are compared with experimental data and found to be in generally good agreement. Some interesting
features in the surface pressure distributions along the airfoil are found for these low-Reynolds-number � ows.

Introduction

T HERE is great interest in the development of very small air-
craft, such as the micro air vehicle (MAV) for a number of

applications.1 Most of the current MAVs are scaled-down versions
of conventionalaircraft, with some researchers employing � apping
wings. Basic studies are required to understand the aerodynamics
appropriate to MAVs. Present day MAVs experience low Reynolds
number � ows characterizedby chord lengths of a few centimeters.
There is interest in developing even smaller vehicles in the future,
and at some stage, the characteristiclength scale will be suf� ciently
small that noncontinuum, rare� ed � ow phenomena will become
prevalent. Hypersonic rare� ed gas � ows have been widely studied
over the past 40 years, primarily for aerospace applications such
as reentry problems. Rare� ed gas � ows involved in microvehicles,
however, are at low or moderate Mach numbers. The fundamental
� uid mechanics and aerodynamics under such conditions are not
well understood.

In this paper, we study rare� ed gas � ows around a NACA 0012
airfoil using particle and continuumapproaches.This type of airfoil
is of a basic shape and is appropriate as a starting point to study the
aerodynamic features of microvehicles. Three Mach numbers are
considered:2.0, 0.8, and 0.1. There are experimental data available
to compare at Mach 2 and 0.8, where rarefaction occurs primarily
due to low-density� ow overa 4-cm-chord-lengthairfoil.2;3 Previous
work found that there was a signi� cant difference between Navier–
Stokes and experimental density � elds.2;4 It was explained by the
existence of a slip velocity along the airfoil surface that was not
considered in the Navier–Stokes calculations. A further investiga-
tion at Mach 2.0 and zero angle of attack showed that this difference
may be considerablyreducedwhen the slip velocityand temperature
jump were included in the calculations.3;5 Model equations of the
Boltzmann equation, such as the Bhatnagar–Gross–Krook (BGK)
model6 for monatomic gases and the Morse7–Holway8 model for
gases with internal degrees of freedom, were also used to simulate
the Mach 2.0 � ows.5 The density � eld given by the Morse–Holway
model compared better with the experiment than that given by the
BGK model.

In the present study, the continuum approach solves the Navier–
Stokes equations with a slip boundary condition on the airfoil sur-
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face. For the supersonic and transonic cases, the particle approach
employed is the direct simulation Monte Carlo (DSMC) method.9

Becauseof problemswith thismethodat the low subsoniccondition,
caused by excessive statistical � uctuations, a new particle method
called the information preservation (IP) technique10 is applied.

Particle Approach
As the primary computational tool for analyzing rare� ed gas

� ows, the DSMC method has been widely used in the engineer-
ing context.11 A main handicap of this method is the requirement
of a large number of samples to reduce the statistical scatter in sim-
ulation of low-speed � ows. Such a simulation is extremely time
consuming and beyond the capabilities of current computers.11

To solve this problem, the IP technique was proposed.10 The ba-
sic premise of this technique is to associate both microscopic and
macroscopic information with each particle in a computer simula-
tion. The usual DSMC steps are applied to the microscopic proper-
ties, and simple conservation laws are applied to the macroscopic
properties.Macroscopicquantitiesare obtained through time or en-
semble averaging of the information. This technique has been suc-
cessfullyused to simulate unidirectionallow-speed � ows (1 cm/s–1
m/s) such as Couette � ows, Poiseuille� ows, and Rayleigh� ows (see
Ref. 10). The meaningful velocity and surface shear stress distribu-
tions were obtained with a sample size of 103–104 that was four
orders of magnitude smaller than that required by DSMC (about
108). Therefore, there was a tremendous reduction in CPU time.

To clarify why the IP method works, let us compare the formulas
used by DSMC and IP to compute a macroscopic velocity U` in a
cell. Consider a uniform � ow with velocity uk . The DSMC formula
is

U` D 1
N

NX

k D 1

ck D uk C 1
N

NX

k D 1

ct ; k (1)

and the IP formula is

U` D 1
N

NX

k D 1

uk D uk (2)

where N is the sample size of simulated particles in the cell and ck

is the velocity of a simulated particle. According to kinetic theory,
ck consists of two parts: the thermal part ct;k and macroscopic part
uk . The DSMC method stores ck and uses it to compute the particle
trajectory and U` according to Eq. (1). The IP method stores both
ck and uk . It uses the former to compute the particle trajectory and
uses the latter to compute U` according to Eq. (2). Note that the
macroscopic velocity given by the IP formula (2) is the exact value
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Fig. 1 Statistical scatter vs sample size in DSMC simulation of a sta-
tionary homogeneous argon gas at 273 K; U 0 is the x-component am-
plitude of the macroscopic velocity � uctuation caused by the statistical
scatter.

uk of for any sample size, whereas there is an explicit � uctuation
term

1
N

NX

k D 1

ct;k

in the DSMC formula (1) that decreases with the square root of the
sample size of N .

For low-speed � ows, because of the small ratio of macroscopic
to thermal velocity, it is dif� cult to reduce

1
N

NX

k D 1

ct;k

to an acceptable level. A clear demonstration of this is shown in
Fig. 1, where U 0 is the x-component amplitude of the macroscopic
velocity � uctuation caused by

1
N

NX

k D 1

ct;k

in DSMC simulation of a stationary homogeneous argon gas at
temperature 273 K. For example, U 0 is 53 cm/s at a sample size
of 2 £ 106 , which is unacceptable for many low-speed applications
such as microchannel � ows where the experimental in� ow velocity
was about 20 cm/s (Refs. 12–14). Further increase of the sample
size is beyond the capabilitiesof current computers, particularly for
multidimensional � ows.

In contrast to the DSMC method, the IP technique has proven
very effective in reducing statistical scatter in simulating one-
dimensional benchmark � ows.10 Meaningful results were obtained
with a sample size of 103¡104 , even when the � ow velocity was of
order 1 cm/s. This technique is also applicable to multidimensional
� ows. An implementation of the method may be summarized as
follows:

1) Assign each simulatedparticlean informationvelocityui , den-
sity ½i , temperature Ti , and a thermal velocity ci . Assign each cell
a macroscopic velocity U`, density ½`, and temperature T`.

2) Initially, set U`, ½`, and T` of a cell accordingto the initial � ow
conditions,and set ui , ½i , and Ti of all simulatedparticles in the cell
to be equal to U`, ½`, and T`.

3) Move simulated particles according to the thermal velocities
using the same algorithms and models as the DSMC method de-
scribed in detail in Ref. 9.

4) In a time step 1t , the information velocity of a simulated
particle may be changed because of the following reasons:

a) It may be changed because of impact with a wall. Set the
re� ected information velocity in accordance with the statistical be-

havior of an enormous number of real molecules. For example, it is
equal to the wall velocity for a diffuse re� ection surface.

b) It may be changed because of entry into the computational
domain from the outer boundaries. Set the information velocity in
accordance with the boundary conditions.

c) It may be changed because of acceleration by external forces.
The sum of the forces acting on the `th cell is

F` D
2ÁX

k D 1

pk
` 1Ak

`nk
` C f k

` 1V` (3)

where pk
` is the gas pressure acting on the kth surface of the `th cell

with area 1Ak
` and normal direction nk

` , Á is the � ow dimension,
and f k

` is the volume force acting on the cell with volume 1V`. Here
pk

` is computed using the pressures of the cells with the kth surface.
The cell pressuresare calculatedfrom the stored ½` and T` using the
ideal gas equation of state. An acceleration thus generated is

a` D F`=½`1V` (4)

which will contribute a velocity increment a`1t to every simulated
particle in the cell during the time step.

d) Information velocity may be change because of collision with
other particles. A simple scheme is employed to distribute postcol-
lision information velocities of two simulated particles

u0
i;1 D u0

i;2 D
m1u¤

i;1 C m2u¤
i;2

m1 C m2

(5)

where superscripts ¤ and’ denote pre- and postcollision, respec-
tively. An alternative scheme is to keep the information velocities
unchanged during the collision process. Both of these were tested
in simulationof Couette � ows, Poiseuille � ows, and Rayleigh � ows
and gave identical results. This is easily understood because the
scattering of the thermal velocities during the collision process is
isotropic in the center of mass frame of reference according to the
variable hard sphere model9;15 that is used to describe the interac-
tion betweensimulatedparticles.Such an isotropicscatteringmakes
schemes that satisfy momentum conservation the same in the sta-
tistical aspect.

5) Update U`, ½`, and T` at each time step:

U` D ¾ Unew C .1 ¡ ¾ /Uold (6)

where ¾ is a relaxation factor ranging between 0 and 1, Uold is the
value of U` at the last time step, Unew is the arithmetic mean of the
informationvelocitiesof all the simulatedparticlesin the cell during
this time step

Unew D
PN

k D 1
mk ukPN

k D 1
mk

(7)

where m is the particle mass. For a large N , ¾ may be set to 1:

½` D ½old C 1½ (8)

where ½old is the value at the last time step and 1½ is the density
variationduring this time step.Accordingto the continuityequation,
1½ may be written as

1½ D ¡ 1t

1V`

2ÁX

k D 1

½k
` Uk

`nk
`1Ak

`
(9)

where ½k
` and Uk

` are the macroscopic density and velocity across
the kth surface of the `th cell, respectively. They can be obtained
through an average of the macroscopic velocities and densities of
the cells with the kth surface.

A technique to update T` is under study. At this stage, we employ
the isothermal assumption. Low-speed � ows may be categorized
into those types with and without external heating. Analysis shows
that the isothermal assumption is valid for the type without exter-
nal heating.16 Recent experiments on rare� ed low-speed � ows in
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microchannels solidly supported this analysis.12¡14 Many � ows in-
volved in current micro-mechanical-electro systems, including low
subsonic � ow past airfoils of interest in this paper, fall into this
category.

6) Update the informationdensitiesof all the simulatedmolecules
in the `th cell

½i D ½` (10)

7) Compute macroscopicquantities through statistical averaging
of the information quantities. The shear stress and pressure on a
surface element with area 1Aw during the sampling interval ts are
given by

¿w D

PNw

j D 1
m j

¡
uin

¿; j ¡ u re
¿; j

¢

ts1Aw

; pw D

PNw

j D 1 ½ j RT in
j

Nw

(11)

where Nw is the totalnumberofmoleculeshitting theelementduring
ts , subscript ¿ denotes the tangential direction of the element, and
superscripts in and re denote the values before and after striking the
element, respectively.

The macroscopic velocity is the arithmetic mean of information
velocitiesof all samplingparticlesin thecellduring ts and is obtained
using Eq. (2). The macroscopic density is solved similarly.

8) For steady � ows, repeat steps 3–6 until the � ow reaches a
steady state. Then repeat steps 3–7 to sample. For unsteady � ows,
repeat steps 2–7 until the end of the evolution period.

Continuum Approach
Because of the computational expense of particle methods

(DSMC), we seek to use such techniques only where necessary. In
addition,at low speeds, particlemethods suffer from statistical scat-
ter error becausethe bulk velocitybecomessmall relative to the ther-
mal velocity.Hence, we considernumericalsolutionsof the Navier–
Stokes equations, incorporating appropriate slip boundary condi-
tions, and assess their applicability to the current � ow regimes by
comparing to the DSMC results.

The Navier–Stokes equations are solved about a NACA 0012
airfoil on a two-dimensional � nite volume grid using the implicit
Gauss–Seidel line relaxation method17 and second-order accurate
modi� ed Steger–Warming � ux vector splitting (see Ref. 18). A
structured, ellipticallygenerated C grid provides the computational
domain. The grid conforms to the airfoil surface and extends to a
semicircular upstream boundary and a rectangular wake boundary.
To resolve adequately the viscous � ow� eld, we use a grid of 300
cells in the airfoil-conformingdirection and wake and 100 cells in
the wall-normal direction. Cells are concentrated in the near-body
region and in the wake to capture properly the shear-layer physics,
which dominate this � ow regime.For the 10-deg angle-of-attackso-
lution, we rotate the airfoil about its trailing edge to align properly
the grid with the wake region.

At the outer edge of the computational grid, 10 chords from the
airfoil surface, we apply freestream conditions. Under the condi-
tions of interest, the gas is rare� ed, and the conventional no-slip
boundary condition does not necessarily hold. Instead, we use the
Maxwell–Smoluchowskislip boundaryconditionsthat allow for the
presence of an imperfect momentum and energy accomodation at
the surface19:

uslip D 2 ¡ ¾v

¾v

1

½.2RTw=¼/
1
2

¿s C 3

4

Pr.° ¡ 1/

° R½Tw

.¡qs/ (12)

Tgas ¡ Tw D 2 ¡ ¾t

¾t

2.° ¡ 1/

° C 1

1

R½.2RTw=¼/
1
2

.¡qn/ (13)

where ¾v and ¾t are the momentum and energy accomodation co-
ef� cients (set to unity in all of the computations presented here),
qn and qs are the gas normal and tangential heat transfer rates, Tw

is the wall temperature, ½ is density, ¿s is the wall viscous stress
component due to skin friction, R is the gas constant, ° is the ratio
of speci� c heats, and Pr is the Prandtl number.

Computational Domain Overlay Technique
Far-� eld computational boundary conditions for external sub-

sonic � ows are an issue that the DSMC method needs to treat care-
fully.This methodhasbeenprimarilyused to studyhypersonic� ows
where the freestream conditions are applicable to far-� eld bound-
aries not far from the body.However, these simple conditionscannot
be used for subsonic � ows. In principle, there are two means to ad-
dress the issue. One is to impose the freestream conditions at the
far-� eld boundaries and locate them quite far away from the region
of interest to minimize any inconsistenteffects.Another is to locate
the far-� eld boundariesat a near distance from the primary regionof
interest to limit the computational domain and describe the bound-
ary conditions using models that are a function of local physical
quantities and gradients, etc. The latter is not suitable to the DSMC
methodbecauseit is dif� cult to immediatelycomputethe localphys-
ical quantities and gradients.Application of the former approach to
the DSMC method encountersa computationaldif� culty that needs
to be considered.

As with most directmethods,the numericalexpenseof the DSMC
methodis high, thus requiringcarefulattentionto bepaid to the com-
putational ef� ciency, particularly for subsonic � ows where a large
number of samples are required to resolve the � ow� elds varying
in a narrow range. The small cell size that is often necessary in a
region near the body where the � ows have relatively large gradients
is unfeasible for a large computationaldomain, because the DSMC
expense is proportional to .L=1l/Á , where L is the characteristic
length of ÄD , 1l is the cell size, and Á is the � ow dimension. Vari-
able cell size is inef� cient because there will be too many simulated
particles in the large cells to be computationallyef� cient when the
number of simulated particles in the small cells is at an appropri-
ate level. The weighting factor technique, which can distribute the
number of simulated particles uniformly over the cells, is also not
suitable because the accompanied random walk is deleterious to
obtaining statistically converged solutions.

A computational domain overlay technique is proposed to alle-
viate the aforementioned dif� culties. First, a large computational
domain and large cell size are used. To satisfy the requirement that
the distance between a collision pair be smaller than the mean free
path, the subcell technique is employed.9 Then the cells are subdi-
vided into a set of subcells (the subcell size is required to be smaller
than the mean free path), and collision pairs are selected within the
subcells. The large cells may resolve the � ow� eld distant from the
body where the � ow gradients are small, though they are not � ne
enough to describe the � ow structure near the body. Then the num-
ber density, velocity, and temperature along a locus are extracted
from the computationwith the large computationaldomain and cell
size. The locus is chosen to be as close to the body as possible on
the premise that the surrounding � ow� eld can be resolved by the
large cell size. Next, the locus is used as the far-� eld boundary of a
new calculation with smaller cells.

Results and Discussion
Consider four cases of air� ows around a NACA 0012 airfoil. The

chord length Lc is 0.04 m, and the freestream conditions are given
in Table 1, where ® denotes the angle of attack, Re1 D V1 Lc=v,
K n1 D ¸1=Lc , and the other symbols are de� ned as usual.To com-
pare with measured data at Mach 2 and 0.8 (Refs. 2 and 3), cases
A, B, and C employ the same conditions as the experiment.

DSMC calculationsare carriedout usinga software systemcalled
MONACO,20 which has been developed to incorporate the IP tech-
nique. The calculationsemploy an unstructuredtriangulargrid. The

Table 1 Freestream conditionsa

Case M1 Re1 ®, deg ½1 , kg/m3 T1 , K V1 , m/s K n1

A 2.0 106 0 6:026£ 10¡5 161 509 0.026
B 2.0 106 10 6:026£ 10¡5 161 509 0.026
C 0.8 73 0 1:116£ 10¡4 257 257 0.014
D 0.1 19 0 1:315£ 10¡4 290 34 0.013

aWall temperature is 290 K for all of the cases that are equal to the stagnation
temperature.
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Table 2 DSMC and IP computational parameters

Case ÄD Ncell 1ls , m 1t

A .¡0:2; 2:5/ £ .0; 2:5/ 43,597 1:3 £ 10¡4 7 £ 10¡7

B .¡0:2; 2:5/ £ .¡2:5; 2/ 69,553 1:3 £ 10¡4 7 £ 10¡7

C .¡5; 6/ £ .0; 5/ 90,342 1:7 £ 10¡4 8 £ 10¡7

D .¡10; 2:5/ £ .0; 2:5/ 34,802 5:0 £ 10¡4 2 £ 10¡7

distance between a collision pair is limited to be smaller than the
mean free path using the subcell technique.9 Analyses showed that
if collisionpairs are selected directlywithin cells and the cell size is
greaterthan the free mean path, the numericalerrorsof viscosityand
thermal conductivitydue to the � nite cell size are not negligible.21;22

Our studies found, however, that by utilizing the subcell technique,
they would be negligible even when the cell size was much greater
than the mean free path.

About 2 £ 106 simulated particles are used in the DSMC and IP
calculations.Other computational parameters are given in Table 2,
where ÄD D .x1; x2/ £ .y1; y2/ is a rectangular computational do-
main normalized by the chord length, Ncell is the number of cells,
1ls is the subcell size, and 1t is the time step. The airfoil sur-
face is assumed to be fully diffuse. At the far-� eld boundaries, the
freestream conditions are applied to the supersonic cases, and the
computationaldomain overlay technique is applied to the transonic
case. For the low subsonic case, the freestream conditions are ap-
plied at the inlet, and zero-gradientconditionsareused in the normal
direction at the upper boundary and outlet.

The Navier–Stokes simulations use an inviscid calculation as an
initial condition before the viscous terms are added to the calcula-
tion. For the inviscid calculations,Courant–Friedrichs–Lewy num-
bers on the order of 100 are used. Even though the implicit method
includesa linearizationof the normal-directionviscous terms, when
the viscous terms are included the stable time step decreases by at
least four orders of magnitude. This is a result of the very low
Reynolds numbers of the simulations and makes these calculations
very time consuming.

Case A: M 1 = 2, Re 1 = 1:06 £ £ 102, ® = 0 Degrees
Case A represents a high-speed, convection dominated � ow. Al-

though viscous effects play a greater role than they would in a con-
ventional, high Reynolds number � ight, they do not dominate the
� uid motion. Because of the high freestream velocity, the DSMC
method does not face the problems of statistical scatter that make
low-speed calculations dif� cult. Similarly, the Navier–Stokes cal-
culation converges well.

Figures 2 and 3 present the computed density and velocity � elds,
together with the experimental results.2;3 Both DSMC and slip
Navier–Stokes results show good agreement with the experiment
in the bow shock and stagnant regions; in detail, the DSMC results
are closer to the experiment.For instance, there is a contourwith the
value of 0.9 above the trailing edge in the DSMC and experimental
velocity � elds, but not in the Navier–Stokes velocity � eld.

Figure 4 compares the surface pressure coef� cient distributions
given by the DSMC method, the Navier–Stokes slip model, the
Morse–Holway model, and the nonslip Navier–Stokes solution.5

The surface pressure coef� cient is de� ned as

C p D 2.pw ¡ p1/

½1V 2
1

(14)

The DSMC and Morse–Holway solutions are in excellent agree-
ment, and the slip Navier–Stokes solution is closer to them than the
nonslip solution.

Case B: M 1 = 2, Re1 = 1:06 £ £ 102 , ® = 10 Degrees
Like case A, case B represents a high-speed, convection domi-

nated � ow, but with a nonzero angle of attack. Figure 5 presents
the DSMC, slip Navier–Stokes, and experimental density contours
that agree well with each other. Figure 6 shows the DSMC and
slip Navier–Stokes surface pressure distributions. Because of the
nonzero angle of attack, there is a gap between the pressures acting

a) DSMC

b) Slip N–S

c) Experiment2

Fig. 2 Comparison of DSMC, slip Navier–Stokes (N–S), and experi-
mental density � elds ½/½1 for case A.
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a) DSMC

b) Slip N–S

c) Experiment3

Fig. 3 ComparisonofDSMC, slip N–S and experimental velocity � elds
V/V1 for case A.

on the lower and upper surfaces.The DSMC and Navier–Stokes gap
sizes are close, whereas the Navier–Stokes results indicate a consis-
tently higher pressure. The latter is considered to be caused by the
rarefactioneffectsat the airfoil surface,thoughthe Knudsennumber
based on the chord length is only 0.026. It is known that such an
overall Knudsen number may make a misleading prediction about
local conditions.9 A gradient-length local (GLL) Knudsen number
based on the density gradient23

Fig. 4 Comparison of surface pressure distributions between different
computational approaches for case A.

K nGLL D ¸j1½j=½ (15)

is computed using the slip Navier–Stokes solution (Fig. 7). Com-
parison between DSMC and Navier–Stokes results for shock waves
and hypersonic � ows around a sphere showed that the continuum
approach broke down wherever K nGLL exceeds 0.05 (Ref. 23). Ap-
plication of this critical value to Fig. 7 indicates that the continuum
approach is invalid in a core of the bow shock wave and in the region
adjacent to the airfoil surface.

Case C: M 1 = 0:8, Re1 = 7:3 £ £ 101 , ® = 10 Degrees
Case C, a transonic � ow, involves a � ow� eld of elliptic charac-

ter, presentingdif� culties with the boundary conditions at the outer
edge of the domain. In the Navier–Stokes computation, we apply
freestream conditions at the outer edge, 10 lengths from the airfoil,
which has been shown to be a suf� ciently large domain not to affect
the near airfoil � ow. In the DSMC calculation, we employ the do-
main overlay technique discussed earlier. A computation based on
a domain of .¡10L c; 11Lc/ £ .0; 10L c/ and a cell size of about 5 ¸
is performed � rst. The � ow density, temperature, and velocity are
extracted along a locus of .¡5Lc; 6L c/ £ .0; 5L c/. In a new calcu-
lation with this locus as the outer boundary edge, the extracted � ow
properties are used as the boundary conditions. They are found to
be different from the freestream conditions, particularly in regions
close to the symmetry line of the airfoil. Moreover, the density � eld
based on the extracted boundary conditions compares better with
the experiment2 than that based on the freestream conditions.

Figure 8 presents the DSMC and slip Navier–Stokes density
� elds, together with experimental data.2 The DSMC calculation
takes about 400 CPU hours on an SGI OCTANE workstation and
the sample size is about 400,000 in each cell. However, the sta-
tistical scatter is clearly seen in Fig. 8a that makes the contours
� uctuate in comparison with the Navier–Stokes and experimental
contours.Although both calculateddensity distributionsexhibit the
same general features as the experiment, there are regions of sig-
ni� cant difference in detail. For instance, the experimental density
varies little from 0.995 to 1.005 in a large region originating from
the airfoil surface, whereas the DSMC and Navier–Stokes densities
vary from about 0.92 to 1.02 and from 0.94 to 1.04, respectively.
This difference perhaps results from the tunnel wall in the experi-
ment that has a diameter of order 10 cm (Ref. 2). This diameter is
not large enough to neglect the tunnel wall effect.

Figure 9 compares the DSMC and Navier–Stokes velocity � elds,
which are generally in agreement again, although there are some
slight differences in detail. Figure 10 shows the DSMC and slip
Navier–Stokes surface pressurecoef� cient pro� les, which compare
well to each other. In contrast to the supersonic condition (Fig. 4),
the surface pressure is lower than the freestream pressure on most
of the airfoil surface.This is caused by the increased viscous effect.
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a) DSMC

b) Slip N–S

c) Experiment2

Fig. 5 Comparisonof DSMC, slip N–S, and experimental density � elds
(½/½1 ) for case B.

Fig. 6 Comparison of DSMC and slip N–S surface pressure distribu-
tions for case B.

Fig. 7 Contours of GLL Knudsen number for case B.

Case D: M 1 = 0:1, Re1 = 101, ® = 0 Degrees
Because the thermalvelocityis much larger than the bulk � ow ve-

locity, and becauseof the very small variationin the � ow properties,
case D presents a serious challenge for the particle approach.Large
numbers of cells and weighting factors have to be used to resolve
the � ow� eld and surface properties. It is impossible for the � ow-
� eld to be separated from statistical noise using the DSMC method
even by building up an enormous sample in each cell. Therefore,
the particle calculationemploys the IP technique,discussed earlier,
to obtain macroscopicquantities.

The particlesimulation starts from a uniform� ow� eld with about
60 simulated molecules per cell. The cells are concentrated around
the airfoil. The cell size gradually increases from Lc=43 in the re-
gion adjacent to the airfoil surface to L c=8 distant from the airfoil.
A weighting factor scheme9 is used to distribute the number of sim-
ulated molecules uniformly over the cells. The weighting factor of
each cell is inversely proportional to its volume. After 15,000 time
steps that take about 70 CPU hours on a SGI OCTANE worksta-
tion, the � ow reaches a steady state. The IP results are then obtained
through a further 1500 time steps of sampling.

Figures 11a and 11b compare the IP and slip Navier–Stokes den-
sity and velocity � elds. There is a line near the leading edge and
almost perpendicular to the airfoil along which the density is equal
to the freestreamvalue. In a region aroundthe leadingedge, the den-
sity increasesdue to the body and reachesa maximum at the leading
edge.The � ow expandsfrom the front one-sixthof the airfoil,which
causes the density to decrease to a minimum at the trailing edge.
The total variation of density is very small, only about 3% of the
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a) DSMC

b) Slip N–S

c) Experiment2

Fig. 8 Comparisonof DSMC, slip N–S, and experimental density � elds
(½/½1 ) for case C.

Fig. 9 Comparison of DSMC (——) and slip N–S (– – – ) velocity dis-
tributions V/V1 for case C.

Fig. 10 Comparison of DSMC and slip N–S surface pressure distribu-
tions for case C.

a) Density

b) Velocity

Fig. 11 Comparison of IP (——) and slip N–S (– – – ) � ow� elds for
case D.
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Fig. 12 Comparison of IP and slip N–S surface pressure distributions
for case D.

freestream value. The IP results successfully resolve this variation
and are in overall agreement with the slip Navier–Stokes solutions.
The IP velocity � eld compares well with the slip Navier–Stokes ve-
locity � eld, with a slight differenceoccurring in a region around the
trailing edge.

Figure 12 compares the IP and slip Navier–Stokes surface pres-
sure distributions.Both of them show that there is a sharp increase
in pressure close to the leading edge, as expected.However, there is
an interesting phenomenon at the trailing edge where the pressure
is seen to decrease. This is not observed in high Reynolds num-
ber � ows where a recompression is expected with a corresponding
increase in pressure. Such a difference certainly results from the
viscous effect that dominates this low Reynolds number � ow and
indicates that simply scaled-down versions of conventional airfoils
perhaps do not provide optimum aerodynamic features.

Conclusions
Rare� ed gas � ows over a NACA 0012 airfoil were investigated

using particle and continuumapproaches.The � ow conditionswere
varied from supersonic, to transonic, to low subsonic. The con-
tinuum approach solved the Navier–Stokes equations with a slip
boundary condition on the airfoil surface, whereas the particle ap-
proach employs the DSMC method for the supersonicand transonic
cases and the IP method for the low subsonic case. The DSMC and
slip Navier–Stokes densityand velocity � elds for the supersonicand
transonic cases were compared with experimental data, and good
overallagreementwas achieved.The particleand continuumsurface
pressure coef� cients compared well for all of the cases and showed
some interesting behavior resulting from the low Reynolds number
conditions.

In terms of the particlemethods, the DSMC method was found to
perform with physical accuracy and numerical ef� ciency only for
the supersonic cases. As the velocity was decreased to a transonic
conditionand then a low subsoniccondition,the DSMC method en-
counteredincreaseddif� culties with high levelsof statisticalscatter.
This scatter was signi� cantly reduced through use of the IP tech-
nique. This technique was found to perform well for the subsonic
case, although further re� nements are still required.
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